In this paper we construct a class of hairy static black holes of higher dimensional Einstein-Skyrme theories with the cosmological constant Λ whose scalar is an SU (2) chiral field. The spacetime is set to be conformal to M 4 × N N −4 where M 4 and N N −4 are a four dimensional spacetime and a compact Einstein (N −4)-dimensional submanifold for N ≥ 6, whereas N = 5 and N = 4 are flat and the trivial case, respectively. We consider the behavior of the solutions near the boundaries and construct the global-local existence of finite energy solutions.
Introduction
Over two decades some studies of the Einstein-Skyrme model that posseses a black hole solution show that this black hole could be a counterexample to the no-hair conjecture for black holes. Originally, this conjecture comes from stationary spacetimes [1] , but it could be simplified to the case of static spacetimes which states that a static black hole is only characterized by its mass and its electric and magnetic charges. So far, most of the Einstein-Skyrme theories being considered are in four dimensions. In the case of asymptotically flat spacetimes we could also see several models in, for example, [2] for an excellent review. Few examples of asymptotically anti-de Sitter spacetimes are considered in [3, 4, 5] , while we have only an example for de Sitter background [6] . In the case of higher dimensions, only one example considered especially in seven dimensions [7] .
In this paper we generally establish some results of higher dimensional (N ≥ 4) Einstein-Skyrme models with the cosmological constant Λ turned on. We particularly consider a special class of static solutions where the spacetime is static and the Skyrme field is an SU(2) chiral field which can be expressed in terms of a profile function f with f ≡ f (r) where r is the radial coordinate. Moreover, the spacetime is chosen to be conformal to M 4 × N N −4 where M 4 and N N −4 are the four dimensional spacetime and the compact (N − 4)-dimensional submanifold, respectively, with the metric functions δ(r), m(r), and C(r). This submanifold N N −4 has to be Einstein with the cosmological constant Λ N −4 in order to be compatible with the Einstein field equation for N ≥ 6, while in the case of N = 4, 5 we have trivial cases, that is, Λ N −4 ≡ 0. Here, we only consider the Λ N −4 ≥ 0 case.
Then, we employ the analysis on the (event) horizon and the outer boundary, namely, the asymptotic region for Λ ≤ 0 and near the cosmological horizon for Λ > 0. Near horizon, in order to have a consistent picture, all metric functions and the profile function f should be positive constants and they are related to the cosmological constants Λ, Λ N −4 via an inequality of an implicit function. This inequality can be obtained by solving the Einstein field equation and the scalar equation of motion at the horizon together with the consistency condition of Ricci scalar such that at the horizon the 4-spacetime becomes T 2 × S 2 where the 2-surface T 2 could be either a flat Minkowski surface IR 2 or an anti-de Sitter surface AdS 2 [8] . On the outer boundary, if all the metric functions converge to constants, then the black hole spacetime becomes Einstein geometry. We also find that using the Komar integral [10, 11, 12] the black hole mass is generally constant.
We finally compute the local-global existence and the uniqueness of this skyrmionic black hole solutions with finite energy. This could be achieved by setting all the metric functions and the Skyrme profile function to be constants in the outer boundary. In particular, for Λ ≤ 0 the function f (r) has to be vanished, whereas in the case of Λ > 0 it is sufficient to have f (r) to be real.
The structure of this paper can be mentioned as follows. In Section 2 we construct generally a class of static black holes of higher dimensional (N ≥ 4) SU(2) Einstein-Skyrme theory with the cosmological constant Λ. We discuss the behavior of the solutions near the boundaries, namely, the (event) horizon and the asymptotic region in Section 3. In Section 4 we establish some results on the local-global existence and the uniqueness of this finite energy solutions. These sections are mainly focus on the Λ ≤ 0 case. Finally, we put the discussion of Λ > 0 case in Section 5.
Higher Dimensional Einstein-Skyrme Model
In this section we construct static hairy skyrmionic black holes in higher dimension (N ≥ 4). Our starting point is to consider that N dimensional spacetime (M N , g µν ) is a Lorentzian manifold M N equipped with a Lorentzian metric g which is conformal to M 4 × N N −4 with M 4 being the four dimensional spacetime and N N −4 being the spatial extra dimensional submanifold assumed to be compact. The local coordinates on M N are given by x µ = (t, r, θ, ϕ, x i ) where x i are the local coordinates for N N −4 . The Greek indices denote the spacetime index, µ, ν = 0, 1, · · · , N − 1 and the Latin indices denote extra dimensions index, i, j = 4, · · · , N − 1. The ansatz metric in this paper is chosen to be static given by
where r is the radial coordinate and the function B(r) has the particular form
with λ > 0 that depends on the Ricci scalars of 2-sphere S 2 and (N − 4)-submanifold N N −4 . The function C(r) must be smooth and be a positive valued function. In this section we mainly discuss a model with the cosmological constant Λ ≤ 0, whereas for Λ > 0 case we put the discussion in Section 5. For the ansatz (2.1) to describes a black hole solution, we have to take the following assumptions: In the asymptotic region the behavior of the functions m(r) and δ(r) is given by [3] 
while at the event horizon r = r H (see the discussion in the next section), we should have B(r H ) = 0 such that
with δ H is a positive constant. The behavior of C(r) will be discussed in the next section. The submanifold N N −4 has to be Einstein, namelŷ 5) where Λ N −4 is the cosmological constant with Λ N −4 ≥ 0 andR ij is Ricci tensor in N − 4 dimensions for N ≥ 6. Thus, the constant λ has to be of the form
It is important to note that for N = 5 this extra dimensional submanifold would be a circle, so Riemann tensor is trivial, i.e.R ijkl ≡ 0. Therefore,R ij ≡ 0 and Λ 1 ≡ 0 in this case. For N = 4, we have the trivial case. Now, let us write down the action of higher dimensional Einstein-Skyrme with cosmological constant, namely,
(2.7) where g is the determinant of the spacetime metric g µν , U denotes a SU(2) chiral field, and L µ = U † ∂ µ U. Varying (2.7) with respect to the spacetime metric g µν , we obtain the Einstein field equation
where R µν is the Ricci tensor of M N and T µν is the skyrmionic energy-momentum tensor given by
with F π and a are positive constants. The quantity T is the trace of T µν . To make the discussion of (2.8) clearer, we take the ansatz metric (2.1) and then, the skyrmion field U has particularly the form [9] U = e i σ·nf (r) = cos f (r) + in · σ sin f (r) , (2.10)
known as the hedgehog ansatz where σ are the Pauli matrices andn is a normal vector whose form is given byn
The function f (r) is a skyrmion field profile function. Inserting the ansatzs (2.1) and (2.10) into (2.8), we then obtain
Then, to get the equation of motions of the function f (r), we consider the static energy of this higher dimensional skyrmion black hole can be defined using T 00 whose form is given by
is the volume of the compact submanifold N N −4 for N ≥ 6, A(N 1 ) = 2π, and A(N 0 ) = 1. By varying (2.13) with respect to f , we obtain the equation of motions for the field f given by
It is worth to write down the norm of Riemann tensor related to the ansatz metric (2.1)
and Ricci scalar in this case has the form
16)
which are useful for our analysis in this paper.
Solutions Near Boundaries
In this section we will discuss the behavior of the functions δ(r), m(r), C(r), and f (r) in the near horizon limit (r → r H ) and in the asymptotic limit (r → +∞) which are related to the geometries around the regions. In particular, we consider only a model with Λ ≤ 0.
Near Horizon
In the near horizon region, the functions δ(r), m(r), C(r), and f (r) can be expanded as 
Inserting (3.2) into (3.4) we have then an implicit equation
In order to have a consistent result, we need to analyze the Ricci scalar (2.16) around the horizon which is simplified to
At this region, the topology of the spacetime changes to T 2 × S 2 × N N −4 such that we have only two consistent pictures on the 2-surface T 2 , namely, T 2 ≃ IR 2 or T 2 ≃ AdS 2 [8] . Therefore, the first term of the right hand side in (3.6) yields a condition
where the equality means T 2 ≃ IR 2 . Thus, in this case we have the following result: Let us consider some cases in Lemma 1 as follows. In the case of N = 4 and Λ ≤ 0, it is easy to see that we only have T 2 ≃ AdS 2 since f H = π. Using the linear stability method in [3] , it can be shown that the only stable model is the Λ < 0 model. In the case of N ≥ 5, we just consider two simple models. First, we could have a model that admits only T 2 ≃ AdS 2 . For Λ N −4 ≥ 1 (Λ N −4 > 1) case, it has to be Λ < 0 (Λ ≤ 0), whereas in the case of Λ N −4 < 1, we have to set
for every f H ∈ IR. It is also possible to have a model with Λ N −4 = 1, Λ = 0, and f H = nπ with n = 0, ±1, ±2, ..... In a model with only T 2 ≃ IR 2 we solve the equality of (3.7) which results that for Λ N −4 < 1 we have only
with f H = nπ with n = 0, ±1, ±2, ..... If f H = nπ with n = 0, ±1, ±2, ..., holds, then we have
Finally, it is of interest to check the stability of the models using the linearization method in [3] . Since this is quite complicated in this higher dimensional case, it will be discussed in a separated paper.
Around Asymptotic Region
In the asymptotic region we recall the assumption where M > 0. In addition, the function C(r) could be expanded as
with C 0 > 0 and n ≥ 1. Then, the Ricci scalar (2.16) is simplified to 13) showing that the geometry converges to Einstein with cosmological constant 2Λ/(N − 2) (or Ricci-flat with Λ = 0). Moreover, it can be shown using (2.15) that the spacetime becomes maximally spacetime as r ≫ M. In this case the skyrmionic scalar f (r) would have the form
14)
where n 1 ≥ 1 and f 0 ,f 1 ∈ IR which shows that it has to be frozen as r → +∞. As we will see in the next section, the value of f 0 and the bound of n 1 are related to the finiteness of the energy functional (2.13) .
In order to obtain the mass of the black hole, we have to consider the Komar integral [10, 11] 
where ∂Σ is the boundary of a spatial hypersurface of the spacetime M N . The quantity ξ a is a Killing vector of M N , while ω ab is an antisymmetric tensor satisfying [12] ∇ a ω ab = R b a ξ a .
(3.16)
In our case, ξ a is the time-like Killing vector whose form is ξ a = (1, 0, ..., 0) . Then, the non-zero solution of (3.16) is
is the volume of the compact submanifold A(N N −4 ) for N ≥ 6, A(N 1 ) = 2π, and A(N 0 ) = 1. Thus, the mass of our black hole is given by
where we have used
Some comments are in order. First, in general the spacetime M N cannot converge to Einstein as r → +∞ unless the function C(r) has the form of (3.12) in the region. If this not the case, then we still have C(r) and f (r). Second, the second term in the right hand side of (3.17) comes from the non-trivial cohomology of S 2 × N N −4 which is related to the distribution of the black hole mass. As we have shown above, this mass still converges to a constant for general form of C(r).
Existence of Solutions with Finite Energy
In this section we show the local-global existence and the uniqueness of finite energy solutions of (2.14). We use the Picard's iteration and the contraction mapping properties to prove the local existence and the uniqueness. Finally, we construct the global existence using the finiteness of the energy functional (2.13). Here, we still assume Λ ≤ 0. Let us first define a new field p ≡ f ′ , (4.1)
such that (2.14) can be casted into
where u ≡ (f, p) and
We establish the local existence and the uniqueness of (4.2) using the contraction mapping theorem by showing the operator J is locally Lipshitz. Let I ≡ [r, r + ǫ] where ǫ is a small positive constant and U ⊂ IR 2 be an open set. Then, we have Lemma 2. Let J be an operator given in (4.3). Then, it is locally Lipshitz with respect to u.
Proof. From (4.3) , we obtain the following estimate
| sin 2 f | . Moreover, for u,ũ ∈ U, we also have
Since for any smooth function F (f ) we have locally
proving that J is locally Lipshitz with respect to u.
Next, we write down (4.2) in the integral form u(r) = u(r H ) + Since J is locally Lipshitz function with respect to u, then we have the following lemma [13] :
Lemma 3. Suppose that we have an operator K defined in (4.10) and there exists a positive constant ε such that K is a mapping from X to itself and K is a contraction
.
Then, the operator K is a contraction mapping on X.
The exitence of a unique fixed point of (4.10) prove that integral equation (4.7) hence differential equation (4.2) has unique local solution.
In the final part of this section we will discuss the global existence of solutions of (4. 
with A 0 ≥ 0. The first term in the right hand side of (4.12) is finite due to the boundedness of all C 2 -functions, namely, B(r), C(r), δ(r) and f (r) on the closed interval I L . In order to control A 0 in (4.12) on the open interval I A , after using (3.11) and (3.12) one has to set f 0 and the order n 1 in (3.14) to be
for finitef 1 , which implies A 0 = 0. Thus, we could state Theorem 1. Let u(r) is a solution of (4.2) with the initial value u 0 with Λ ≤ 0. Then for each initial value u 0 , there is a positive constant ǫ such that the differential equation 
Comments On A Model With Λ > 0
This section is devoted to discuss a model with positive cosmological constant Λ which modifies some arguments in the preceding sections. This is so because the physical black holes define only on an interval I C ≡ [r H , r C ) where r C is the radius of the outer horizon called cosmological horizon. The discussion around the event horizon with r = r H in subsection 3.1 should be slightly modified, while in subsection 3.2 some arguments must also be revised. At the end, we comment the result in Theorem 1. First, we discuss the solution at the horizon r = r H by mentioning that we obtain the same results as in subsection 3.1 before Lemma 1. Then, we give some examples related to Lemma 1. In the case of N = 4 and Λ > 0, we could have T 2 either IR 2 or AdS 2 if
with f H = π. However, this model is unstable in the context of the linear stability discussed in [3] .
In higher dimensional case (N ≥ 5), similar to subsection 3.1 we discuss only two simple models. First, in a model with only T 2 ≃ AdS 2 we could have some situations as follows. For Λ with f H = nπ, n = 0, ±1, ±2, .... Since at r = r C we also have B(r C ) = 0, the behavior of B(r) around the region should be m(r) → M > 0 , δ(r) → δ C as r → r C ,
with δ C is a real constant such that the spacetime M N becomes Einstein with Λ > 0. Furthermore, the functions C(r), and f (r) should also be
where f C is a real constant. The Komar integral (3.15) implies that the mass of the black hole equals M in this case. It is worth mentioning that the spacetime M N does not have to converge to Einstein as r → r C . If this is the case, then we still have C(r) and f (r). Finally, we want to remark about Theorem 1 for Λ > 0. To establish the local existence and the uniqueness of u(r) we get the same result since the analysis is locally on [r H , r H + ǫ] for ǫ > 0. For proving the global existence of u(r) it is not necessary to have the condition (4.13) since the energy functional (2.13) is indeed finite on the interval I C . In other words, we could still have f C to be a real constant.
